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Abstract 

Let g be a complex simple Lie algebra, and g the corresponding untwisted 
affine Lie algebra. Let V^(Ao) be the basic irreducible level-one representation 
of 0, and Vav(Ao) the Demazure module corresponding to the translation — 
in the affine Weyl group. Suppose is a sum of minuscule coweights of g 
(which exist if g is of classical type or Eq,Ej). 

We give a new model for the crystal graphs of V^(Ao) and Vav(Ao) which 
combines Littelmann's path model and the Kyoto path model. As a corollary, 
we prove that yxv(Ao) is isomorphic as a g-module to a tensor product of 
fundamental representations of g. 

1 Main Results 
1.1 Product Theorems 

Let g be a complex simple Lie algebra and g the corresponding untwisted affine 
Kac-Moody algebra. The basic representation ^(Ao) is the simplest and most 
important g-module (see Sec. 2.1 for definitions, as well as Ch. 14]. |2H 
Ch. 10]). One of its remarkable properties is the Tensor Product Phenomenon. 
In many cases, the Demazure modules V^(Ao) C V'(Ao) are representations of 
the finite-dimensional algebra g, and they factor into a tensor product of many 
small g-modules. Hence the full ^(Ao) could be constructed by extending the 
g-structure on the semi-infinite tensor power V ® V ^ ■ ■ ■ of a small g-module 
V. 

The Kyoto school of Jimbo, Kashiwara et al., has established this phe- 
nomenon for g of classical type (and for a large class of g-modules V^(A)) via 
the theory of perfect crystals [ZI , CHI 5 5 01 > IHI ^ development of the earlier 
theory of semi-infinite paths [2]. Pappas and Rapoport have given a geo- 
metric version of the phenomenon for type A: they construct a flat deformation 



of Schubert varieties of the affine Grassmannian into a product of finite Grass- 
mannians. 

In this paper, we extend the Tensor Product Phenomenon for ^(Ao) to the 
non-classical types Eq and i?7 by a uniform method which applies whenever g 
possesses a minuscule representation, or more precisely a minuscule coweight. 
We shall rely on a key property of such coweights which may be taken as 
the definition. Let X be the extended Dynkin diagram (the diagram of g). 
A coweight of q is minuscule if and only if it is a fundamental coweight 
zu^ = wf and there exists an automorphism a of X taking the node i to the 
distinguished node 0. Such automorphisms exist in types A,B,C,D,Eq,Ej. 

We let V{X) denote the irreducible g-module with highest weight A, and 
V{\)* its dual module. Our main representation-theoretic result is: 

Theorem 1 Let be an element of the coroot lattice of g which is a sum: 

A^ = A 1 + • • • + A"^, 

where A~^ , ■ • • , A~^ are minuscule fundamental coweights ( not necessarily dis- 
tinct), with corresponding fundamental weights Ai,-- - ,Am- Let V\\/{A.q) C 
y(Ao) he the Demazure module corresponding to the anti- dominant translation 
in the affine Weyl group. 
Then there is an isomorphism of Q-modules: 

Vav(Ao) ^y(Ai)*0---®y(A^)*. 

Now fix a minuscule coweight zu^ and its corresponding fundamental weight 
w. Let N be the smallest positive integer such that Ntu^ lies in the coroot 
lattice of g. Then we have the following characterization of the basic irreducible 
g-module: 

Theorem 2 The tensor power V]\f:=V{'cu)^^ possesses non-zero g-invariant 
vectors. Fix such a vector vn, and define the Q-module V'^°° as the direct limit 
of the sequence: 

where each inclusion is defined by: v vjsr v. 

Then ^(Ao) is isomorphic as a Q-module to Y^°° . 

It would be interesting to define the action of the full algebra g on and 
thus give a uniform "path construction" of the basic representation (cf. |2]): 
that is, to define the raising and lowering operators Eq, Fq, as well as the charge 
operator d. Combinatorial definitions of the charge produce for g of classical 
type produce generalizations of the Kostka-Foulkes polynomials (cf. 119] ) . 

1.2 Crystal Theorems 

Our basic tool to prove the above results is Littelmann's combinatorial model 
for representations of Kac-Moody algebras, a vast generalization 
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of Young tableaux. Littelmann's paths and path operators give a flexible con- 
struction of the crystal graphs associated to quantum g-modules by Kashiwara 
[Hj and Lusztig ^Zj (see also Roughly speaking, we prove Theorem 

1 by reducing it to an identity of paths: we construct a path crystal for the 
affine Demazure module which is at the same time a path crystal for the tensor 
product. We carry this out in Sec. 2. 

Theorem 2 follows as a corollary in Sec. 3. To describe the crystal graph of 
the semi- infinite tensor product, we pass to a semi- infinite limit of Littelmann 
paths which we call skeins. We thus recover the Kyoto path model for classical 
g, and our results are equally valid for Eq, Ej. 

To be more precise, we briefly sketch Littelmann's theory. Let us define a 
Q-crystal as a set B with a weight function wt : B ®'[^{Lwi, and partially 
defined crystal operators ei, . . . , e,.,/i, . . . , fr ■ B ^ B satisfying: 

wt(/,(6)) = wt(6) - a, and e,{b)=b' ^ h{h')=h. 

Here wi, . . . , Wr are the fundamental weights and qi, . . . , a,- are the roots of 
0. A dominant element is a b^B such that ej(6) is not defined for any i. We 
say that a crystal B is a. model for a g-module V if the formal character of B 
is equal to the character of V , and the dominant elements of B correspond to 
the highest-weight vectors of V . That is: 

char(y) = Efces e^^W and F - 0, y(wt(6)) , 

where the second sum is over the dominant elements of B. Clearly, a g-module 
V is determined up to isomorphism by any model B. 

We construct such g-crystals B consisting of polygonal paths in the vector 
space of weights, := ©[^^^Mtzjj. Specifically: 

• The elements of B are continuous piecewise-linear mappings vr : [0, 1] — > 

up to reparametrization, with initial point 7r(0) = 0. We use the 
notation vr = {vi -k V2 ■ ■ ■ * w/e); where vi, . . . , G f}^ are vectors, to 
denote the polygonal path starting at and moving linearly to vi, then 
to ^1+^2, etc. 

• The weight of a path is its endpoint: 

wt(7r) := 7r(l) = vi+ ■ ■ ■ +Vk ■ 

• The crystal lowering operator fi is defined as follows (and there is a similar 
definition of the raising operator Ci). Let ★ denote the natural associative 
operation of concatenation of paths, and let any linear map t/; : f)'^ — > f)'^ 
act pointwise on paths: w{it) := (w^vi) ★ • • • * ■w{vk))- We will divide a 
path TT into three well-defined sub-paths, vr = tti * 7r2 * tts, and refiect the 
middle piece by the simple reflection sf. 

fill := TTl * Si-K2 * VTs . 
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The pieces vri , 7r2 , vrs are determined according to the behavior of the 
z-height function hi{t) = hj{t) := {■7T{t),a(), as the point 7r(t) moves along 
the path from '7r(0) = to vr(l) = wt(7r). This function may attain its 
minimum value hi(t) = M several times. If, after the last minimum point, 
hi{t) never rises to the value M+1, then fiir is undefined. Otherwise, we 
define tt2 as the last sub-path of vr on which M < hi{t) < M+1, and vri, 
vTs as the remaining initial and final pieces of vr. 

A key advantage of the path model is that the crystal operators, while 
complicated, are universally defined for all paths. Hence a path crystal is 
completely specified by giving its set of paths B. 

Also, the dominant elements have a neat pictorial characterization, as the 
paths vr which never leave the fundamental Weyl chamber: that is, f)J^(t) > for 
all t G [0,1] and all i = 1, . . . , r. For simplicity we restrict ourselves to integral 
dominant paths, meaning that all the steps are integral weights: vi, . . . ,Vk € 
©[^j^ZtUi. (For arbitrary dominant paths, see 

Littelmann's Character Theorem JHl states that if vr is any integral dom- 
inant path with weight A, then the set of paths B{tt) generated from vr by 
fi, ■ ■ ■ , fr is a model for the irreducible g-module ^(A). (This B{-k) is also 
closed under ei, . . . , e^.) Note that we can choose any integral path vr which 
stays within the Weyl chamber and ends at A, and each such choice gives a 
different (but isomorphic) path crystal modelling V^(A). In principle, any rea- 
sonable indexing set for a basis of V{X) should be in natural bijection with 
B{'7r) for some choice of vr. For example, classical Young tableaux correspond 
to choosing the steps Vj to be coordinate vectors in [)g = M". 

Furthermore, we have Littelmann's Product Theorem ^SI- if vri, ... , T^m are 
dominant integral paths of respective weight Ai,. . . , A^, then B{ni)-k- ■ -kB{TTm), 
the set of all concatenations, is a model for the tensor product V^(Ai) (g) • • • (g) 

V{Xm). 

Everything we have said also holds for the affine algebra 3, provided we 
replace the roots ai, . . . , a,- of g by the roots aoj "ij ■ • • > "r of g ; and the weights 
tj7i , . . . , of g by the weights Aq , Ai , . . . , of g. We also replace the vector 
space by := ©[^qMAj © R(5, where 6 is the non-divisible positive imaginary 
root of g. (Indeed, the theory works uniformly for all symmetrizable Kac- 
Moody algebras.) We denote path crystals for g and g by B and B respectively. 

We can also model the affine Demazure module Vz{A), where z E W, the 
Weyl group of g. Indeed, if 2 = • • • Si^ is a reduced decomposition and vr is 
an integral dominant path of weight A, we define the Demazure path crystal: 

4(vr) :={/f/.../f-^ j A;i,...,A;^>0}. 

Then the formal character of Bz{tt) is equal to the character of Vz{A), and vr 
is the unique dominant path ^^1- Now suppose z = t-xv, an anti-dominant 
translation in W, so that Vav(A) := Vz{A.) is a g-submodule of V{A); and 
consider Bx^{tt) := Bz{tt) as a g-crystal by forgetting the action of /o,eo and 
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projecting the affine weight function to Then Littelmann's Restriction 
Theorem ^B] imphes that the g-crystal Bx^{tt) is a model for the g-module 
Vav(A). 

Now we are ready to state our main combinatorial results. For A a dominant 
weight, define its dual weight A* by the dual g-module: V{X") = V{\)*. 

Theorem 3 Let A^ be as in Theorem 1. Then there exists an integral g- 
dominant path vr with weight Aq which generates the g Demazure path crystal: 

^Av(7r) = Ao*S(Ai)*---*e(A;,) modR(5. 

This is to he understood as an equality of sets of paths in f)j^ mod M(5. 

Theorem 1 follows immediately from this. Indeed, SjAg = Aq for i = 1, . . . , r, so 
fi{Ao-k'K') = AoT*r/i(7r') for any path vr'. Thus the crystal on the right-hand side 
of the above equation is isomorphic to B{Xl)-k- ■ ■•kB{X'^), which models V{Xi)*® 
• • • <8> V{Xr)* ■ See jHI for methods of enumerating the paths in this crystal (and 
hence computing the dimension of the corresponding representation). 
Next we give the following crystal version of Theorem 2: 

Theorem 4 Let , N be as in Theorem 2. Define the N-fold concatenation 
Bn = B{w*) -k ■ ■ ■ -k B{w*). Then Aq * Bn contains a unique Q-dominant path 

Ao^VTiV. 

Define Boo cls the direct limit of the sequence: 

Aq ★ Bn ^ Aq * Bn * Bn ^ Aq * Bn * Bn * Bn ^ • • • 

where the inclusions are given by Aq^vt i— > Ao^vr^v+vr. Then Boo has a natural 
Q-crystal structure which is isomorphic to the g-crystal ofV{Ao). 

In Sec. 3.2, we will use crystals of semi-infinite paths ("skeins") to give a natural 
meaning to the direct limit above. 

1.3 Example: Eq 

Referring to Bourbaki we write the extended Dynkin diagram X = Eq: 

r 

, . r . , 

1 3 4 5 6 

The simple roots are defined inside with standard basis ei, . . . , eg. (Our ee 
is ■^(— £6— ey+cs) in Bourbaki's notation.) They are: 

"1 = ^(ei+e2+e3+e4 + e5)+^e6, a2 = ei+e2, 
Q3 = e2-ei, a4 = e3-e2, "5 = £4-63, 0:^ = 65-64. 
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Since Eq is simply laced, the coroots and coweights may be identified with the 
roots and weights, with the natural pairing given by the standard dot product 
on M^. 

Wc focus on the minuscule coweight w\ corresponding to the diagram auto- 
morphism a with £7(1) = and a{0) = 6. In this case, the corresponding funda- 
mental representation V{-uJi) is also minuscule, meaning that all of its weights 
are extremal weights A € W{Eq)-wi. The roots a2, • • • , ae generate the root 
sub-system C Eq, and the reflection subgroup W^D^) = Stah^/(^Es){''^l) ^-cts 
by permuting ei, . . . , €5 (the subgroup VF(A4) = 5'5) and by changing an even 
number of signs ±ei, . . . ,±65. We have dimF(cc7i) = \W {Eq) /W {Ds)] = 27. 
The weights are: 



tx7i=-|-e6, 



V3 



£6, 



S5--^{-ei-e2-e3+e4+e5) + ^ee, 
-5(ei+e2+e3+e4+e5) + ^ee, 
±55-61 — g-ee. 

The lowest weight is —wq = —e^ — ^CQ, so that V{tui)* = V{wq) and wl = wq. 

The simplest path crystal for is the set of 27 straight- line paths from 

to the negatives of the above extremal weights: 

B{wl) = { (^;) I ^; G -W{Eeywi } 

We have 3w\ G ©f^iMo^ the coroot lattice, so that = 3 in Theorem 2, 
and this N is also the order of the automorphism a. The path crystal B3 := 
B{wl) B{wl) -k B{wl), the set of all 3-step walks with steps chosen from the 
27 weights of V{'njl), is a model for V{wl)'^^. In this case there is a unique 
g-dominant path of weight 0, 

TTa := {we) * {wi—zuq) ★ {—tui) , 

which corresponds to the one-dimensional space of g-invariant vectors in V(w^)'^' 
Now Theorem 3 states that the afHne Demazure module V^mvjXi^o) is mod- 
elled by the g-path crystal: 

B3m = {{Aq -k Vi -k ■ ■ ■ -k V3m) I Vj G -W{E6)-Wi} , 

the set of all 3m-step walks in Ao©M^ starting at Aq, with steps chosen from the 
27 weights of V{wl). This path crystal is generated from its unique g-dominant 
path Ao*7r3* • • • -kTi^. As a corollary of Theorem 4, we can realize the g-crystal 
of the basic g-module V{Aq) as the set of all infinite walks (or "skeins") of the 
form: 

TT = An * TTa ★ • ■ ■ ★ 7r3 * Vi * • • • ★ V^m i 
V ' 

infinite 
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with m > and vj € —W{Eq)-wi. The endpoint of such a skein is wt(7r) := 
Ao+?^i+ ■ • • The crystal operators fi are defined just as for finite paths. 

Acting near the end of the skein, they unwind the coils tt^ one at a time, 
right-to- left. See Sec. 3 for details. 

2 Demazure Crystals 
2.1 Notations 

We will work with a complex simple Lie algebra q of rank r, a Cartan subalgebra 
i) C g, the set of roots A C f}*, and the set of coroots C f). We write the 
highest root of A as = aioi + • • • + a^Or, and its coroot as 9'^ = a/^a^ + • • • + 
a^a^. Warning: If g is not simply laced, 6*^ is not the highest root of the dual 
root system A^. 

The Weyl group of g is generated by reflections si,...,Sr defined by 
Si{X) = A — {X,ct()ai for A £ f)^ := ©[^j^Mroj. We have the fundamental Weyl 
chamber C = {X G \)\ \ {X,oi()>0, i=l, . . . ,r}. The Weyl group also acts 
naturally on l)^. If we choose a 14^-invariant bilinear form ( • | • ) on 1)^, we have 
the isomorphism v : tj^ ^ If^ defined by {v{h),h') = {h\h') for h^h! G We 
normalize so that ^{0^) = and ^{wO = ^'^i- 

Now let g = g (g) C[t,t^'^] © CK © Cd be the untwisted affine Lie algebra 
of g, where -fC is a central element and d = t-^ is a derivation. (Cf. Kac [HI 
Ch. 6 and 7].) Then g has Cartan subalgebra ^ = f) © CK © Cd, with dual 
ij* = tf^ CAo © C6, where (Aq, f)) = (-5, f)) = and (Aq, K) = {5, d) = 1. 

The simple roots of g are ai,...,a,. and oq = 5—6; the simple coroots 
are Oi[,...,Oi^^ and Oq = K—O"^. The fundamental weights are Ag and Aj = 
Wi + o^Aq for z = 1, . . . ,r. The affine Weyl group W is generated by the 
reflections sq, si, . . . , acting on The fundamental Weyl chamber of g is 
the cone (7 = {A E | (A, aV) > 0, z=0, . . . , r} with extremal rays Aq, . . . , A^. 

For A G ©[=o^^« ^^^^ w G ly, we have the irreducible highest-weight g- 
module t^(A). We will also consider the Demazure module Vz{^) := U(nj^)-Vz\, 
where n+ is the algebra spanned by the positive weight-spaces of g, z G M/^ is 
a Weyl group element, and VzK is a non-zero vector of extremal weight zK in 
V{K). 

For a weight A = A + £Ao + mS, we will ignore the charge m = (A, d) and 
work modulo M(5, even when we do not indicate this explicitly. Since ((5, a^) = 
for i = 0, . . . , r, the charge has no effect on the path operators /i, e^. 

Consider the lattice M = z/(©[^]^Zay) in For any n G M, there is an 
element G which acts on the weights of level ^ as translation by i^: that 
is, 

t^(A+Mo) = A+£/i+Mo (mod M.5). 
Furthermore, the affine Weyl group is a semi-direct product of the finite Weyl 
group with the lattice of translations: W = W k tu- 
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Consider the anti-dominant translation z = t-\ corresponding to a domi- 
nant weight A = i^(A^) € C H M. We denote the resulting Demazure module 
as Vx^(Ao) := ^^(^o)- Then the n+-module Vxv{Aq) is also a g-submodule of 

g-VAv(Ao) C Vav(Ao), 
and these are the only z for which 14 (Aq) is a g-module. 

2.2 Minuscule weights and coweights 

We collect needed facts concerning minuscule weights in root systems. The 
statements below are well-known and easily verified from tables ^,0) although 
direct proofs are also not difficult (cf. JH])- 

We say a non-zero coweight tu^ G f)^ is minuscule for A if {a,w^) = or 
1 for all positive roots a G A_|_. Equivalently, = w( for some i = 1, . . . ,r 
with Oj = {6,wf) = 1. This implies that = 1 as well, so that I'ivjO = Wi. 
The classification of the minuscule zuV is most concisely described by listing the 
pairs {X, Ar\{i}), where X is the Dynkin diagram of g. We have vj^ minuscule 
when: 

{X,X\{i}) ^ (A.,.4,„fcxAfc_i), k=l,...,r 

{Dr,Dr^l), {Dr,Ar), 

{Ee,D5), iE-r,Ee). 

There are no minuscule zu( for X = Eq, F^, or G2- 

Now define the extended Weyl group as a group of linear mappings on 
namely, W ■.= W t< ti, where L = v{®'[^i'Lvji). Let 

T.:={a a{C) = C} , 

the symmetries in W of the fundamental chamber of f)j^. The set S is a system 
of coset representatives for W/W, so that W = T, t< W. We can extend the 
Bruhat length function to W as: l{a'w) = l{wa) := l{w) for o" £ S, € W . 
Each element a G S defines an automorphism of the Dynkin diagram of g which 
we also write as a. For j = 0, . . . , r, we have: 

cr(Aj) = A^(j) and a{aj) = a^(j) . 

There is a natural correspondence between elements of S and minuscule 
coweights. Each cr G S can be written uniquely as: 

a = at„j,(^^v^ = at_^. , 

for £7 G and a minuscule coweight. In fact, a = WQWi, where wq is the 
longest element of W and Wi is the longest element of the parabolic subgroup 
Wi := Stabiy(wj)- We have ^(oj) = ag-Q) for j / i, and a{ai) = —9. 
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We have (j{Ai) = (Tt_roj(roj+Ao) = Aq, so that 

a{i) = 0. 

Also, a{mi) = woWi{rui) = wo{rzfi) = -vj* , and tJ7o.(o) = w*. 

The number A*" appearing in Theorems 2 and 4 is the order of a in the group 
E, and is also the order of in e^^^MtzJ^ / e[^^ Ra(. 

The definition of a minuscule weight for is dual to the above: {zu, a^) = 
or 1 for all positive coroots € A^; or equivalently w = zui and {w, 0*) = 1, 
where 9* is highest in the root system A^. The fundamental representation 
V{w) corresponding to a minuscule w has a basis consisting of extremal weight 
vectors v^(^^^ for w G W . Note, however, that w need not be minuscule even 
when the corresponding coweight is minuscule. In fact, we have: 

Lemma 5 Let he a minuscule coweight for A, and wi the corresponding 
weight. 

(i) If A is simply laced (i.e., all root vectors have the same length), then Wi is 
minuscule for A^ . 

(ii) If A is not simply laced, then Wi is minuscule for A"^, the simply-laced root 
system of short vectors in A^ . Furthermore, c^- G A"^ . 

Proof. Part (i) follows from I'iwf) = {ai/a^)wi = Wi. Part (ii) is immediately 
verified for the relevant types and Cr. □ 

Consider the parabolic Bruhat order on the PF-orbit W-Wi. That is, the 
partial order generated by the relations: ti < T2 if ti = T2 — da for some positive 
root a and some d > 0. The following result says that if zu( is minuscule, then 
this "strong" order is identical to the "weak" order: 

Lemma 6 (Stembridge [22\) Suppose the coweight zuf is minuscule. Then 
the Bruhat order on W-Wi has covering relations: 

Ti < T2 whenever ti = T2 — daj 

for some simple root aj ofW and some d> 0. 

Proof. This follows from Stembridge's formulation by noting that W-Wi = 
W/Wi ^ W-mi. □ 

2.3 Lakshmibai-Seshadri Paths 

We examine in detail the path crystals of V^uJi) where tJjV is minuscule. For any 
dominant weight A, the most canonical choice of dominant path is the straight- 
line path from to A, denoted vr = (A). The corresponding path crystal B(X) 
can be described non-recursively by the Lakshmibai-Seshadri (LS) chains |15j . 
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These are saturated chains in the parabohc Bruhat order on W-\, weighted 
with certain rational numbers: 

{ti> ■■■> Tm] 0<ai< • • • <am-i<l) 

with Tj£W-X, ajGQ, and m>l. We require that if Tj+i = tj — dja for aGA+, 
djGN, then aj = rij/dj for some njSN. An LS chain corresponds to the LS 
path defined as: 

TT = (ain -k {a2-ai)T2 * (a3-a2)r3 ★ • • • ★ (l-am_i)Tm) . 

Notice that if aj+i = aj then we may omit the step Otj; in this case there may 
be more than one LS chain producing the same LS path. However, B{X) is 
equal to the set of all distinct LS paths 115! . 

Proposition 7 Let wf,w^ be two minuscule coweights (possibly identical), 
and let ai be the linear mapping ofi)\ corresponding to wl . For each n G B{wi), 
we have ain € S(t37j). That is, the linear mapping ui permutes the paths in 

Proof. Consider an LS chain (ri> • • • >Tm] 0<ai< • • • <am-i<l) corresponding 
to a path vr € B{wi). If g is simply laced, then wi is minuscule by Lemma 5(i), 
and the denominator of aj is: 

dj = {Tj,a^) = {wwi,a^) = {wi,wa^) = or 1 . 

Since 0<aj = ^<l, this means that m = 1 and vr = (ti) = (wwi) for w € W, a 
straight-line path of extremal weight. Since ai is an automorphism of the root 
system A, it permutes the elements of a VK-orbit, and hence aiir is another 
straight-line LS path. 

If g is not simply laced, the paths of B{wi) are more complicated. By 
Lemma 6, we may assume that Tj+i = Tj — dja^i^j-^, where k{j) G {1, . . . , r} and 
Oik[j) is a simple root. The turned path is: 

aiTT = {aiam -k {a2-ai)aiT2 *•••)• 

Suppose k{j) = I for some j. By Lemma 5(ii), Oif is a short root of A^, and so 
is wal , so we have: 

dj = {Tj ,ai) = {wwl ,cq) = {wi , wal ) = or 1 

by the same Lemma. This again means that m = 1 and aiir is a straight-line 
LS path. 

Finally, suppose k{j)^l for all j = 1, . . . , m. Then: 

^iTj+i = aiTj - djGia^j) = aiTj - djOp, 

where p := ai{k{j)) £ {1, . . . ,r}. Hence aiTj > SpUiTj = aiTj^i, and ain is an 
LS path. □ 

Although we do not need it here, we note that for any minuscule vd^, the 
LS-paths of B{wi) have at most two linear pieces (cf. [T2]). 
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2.4 Twisted Demazure operators 



For a Weyl group element with reduced decomposition z = Sj^ • • • G W 
and any path vr (not necessarily dominant), we define the crystal Demazure 
operator. 

4(7r) :={/f/.../£;7r, | fci, . . . , A;^ > 0} . 

We can extend to an operator taking any set of paths 11 to a larger set 

of paths: B^{U) := U^en-^^l^)- We have By{B^{U)) = By^iU) whenever 
l{yz) = l{y) + l{z). Similarly, we let Biji) be the set of all paths generated from 
n by /i, . . . ei, . . . ,e^. ^ _ 

It will be convenient to define a Demazure module ^^(A) for any z e W = 
S K W. Now, (7 G S induces an automorphism of g, so for a module V we 
have the twisted module aV defined by the action gQv := a~^{g)v for 5 G 5, 
V eV. That is, aV{A) ^ ^(aA), and in particular aV{Ai) ^ V'(A^(j)). Now, 

for z = ay with y e define: 14(A) := cT(yy(A)) C c7y(A) , a twist of an 
ordinary Demazure module. Thus, t^y(A) = V„y^-i{aN) and 

V,,(A)-V,(aA). 

Furthermore, Vav(Ao) := T4(Ao) for z = t_,^(AV) is a fl-module for any dominant 
integral coweight G ©[^^^NroV. 

The combinatorial counterpart of this construction is: 

KyiTT) := aByiir) 

for cr G S and y G W. All of our statements regarding Vz{^) and Bz for zG W 
remain valid for zEW. 

2.5 Proof of Theorems 1 and 3 

Let be a dominant integral coweight (not necessarily in the root lattice) 
which can be written: 

A^ = A"^ + • • • + A"^ , 

where A^ G {wi, . . . ,Wr} are minuscule fundamental coweights (not necessar- 
ily distinct) with corresponding weights Xj and dual weights = —wo{Xj). 
Then we claim (extending Theorem 1 to the coweight lattice) that there is an 
isomorphism of g-modules: 

This follows immediately from Littelmann's Character and Restriction Theo- 
rems combined with the following extension of Theorem 3. 

We will choose a certain g-dominant path tt^ of weight Aq and show that: 

BxA^m) = ^o*BiXl)*---^B{X*J. 
11 



Let aj G S correspond to for j = 1, . . . , m. We define iTm inductively as the 
last of a sequence of paths ttq, tti, . . . , tt^: 

TTo := Ao, TTj := aJ^{Trj-i -k A*) . 

We may picture iTm as jumping up to level Aq, winding horizontally around the 
fundamental alcove A = (If^+Ao) fi C, and ending at Aq. Indeed, note that 
wt(7ro) = Aq. For j > 0, write w := Xj and A := w + Aq, so that crj{A) = Aq 
and crj{w) = —w*. Then by induction: 

wt(7rj) = aJ^{wt{TTj^i) + w*) 
= (Tj^ Ao + 0-J V* 
= A — = Ao , 

so that each ttj has weight Aq. Furthermore, since Aq+A^ G C and aj is a 
automorphism of C, it is clear that each ttj is indeed a g-dominant path. 

We will now prove Theorem 3 by showing that the Demazure operator B)y 
"unwinds" tt^ starting from its endpoint. To compute: 

it suffices to prove: 

Lemma 8 For j = m, m—1, ■ ■ . ,1, we have: 

= 7rj.i^B{X*)*B{X*+,)k---kB{X*J. 
Proof. For j = m, we compute: 

~ ^Wmwo {'^m—1 * ^m) 

— ^WQW^ {'^m—1 ^m) 

— T^m—l ^Wmwo i^m) 
(HI) . 

The equalities are justified as follows: (I) Here tuj^ := woWmWo, the longest 
element in Stabi,7(A* J = Stahw{—'Wo Am)- (H) We say a path vr is i-neutral if 
(7r(t), q;^)>0 and (wt7r,ay)=0. It is clear from the definition of fi that /^(Tr* 
tt') = tt -k fi{n') for any path tt', and the two sides axe both defined or both 
undefined. Now note that the TTj are z-neutral for z=l, . . . , r. (Ill) Follows from 

Bwowi^{^*) = B-u,ow^J3w^{X*) = Bu,o{X*). 
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Bx^. (vTj ★ Bj + l) = Bwow^a, i 0",- ^(^Tj-l * A*) -k Bj + l 



For j < m, letting Bj+i := B{X*_^i) ★ • • • * B{X^), we have: 

— ^ 7rj_i * BujQW* (^X* ★ Sj+i 
7r,_i*s(A**S,+i^ 
7r,_i*B(A*)*i3,+i 

Here (I) and (II) are as above. (IV) Follows from Proposition 7. (V) Follows 
from |13| Prop. 12], which implies that X'j -k Bj+i is isomorphic to a union of 
Demazure crystals By{fi) with y > w^. (VI) Both sides are stable under the 
fi, Ci for i = 1, . . . , r, and they contain the same g-dominant paths, hence they 
are identical. 

This concludes the proof of the Lemma, and hence of Theorem 3. □ 



3 Semi-infinite Crystals 
3.1 Proof of Theorem 2 

Fix a minuscule coweight zu^ with corresponding weight zu, dual weight w* , and 
automorphism o" E S of order N. The A^-fold concatenation B{zu*)k- ■ ■•kB{'UJ*) 
contains the path ttn ■= {a^'^{w*) k ■ ■ ■ -k a~'^{zu*) * a~^{vj*)), which is g- 
dominant with weight 0. Thus V{vu*)^^ possesses a corresponding invariant 
vector V]\f. 

Since t_^^v G W, the twisted Demazure module VmNm^ (A-o) is an ordinary 
Demazure submodule of y(Ao). In fact, the basic g-module, considered as a 
g-module, is a direct limit of these Demazure modules: 

V{Kq)= Inn Vat^v ^ V^Nm^ ^ VsNm-^ ^ ■■■ . 

By Theorem 1, the g-module on the right hand side is isomorphic to: 
Inn ViwT'' ^ ViwT^'' t y(ti7*)«37V ^ . . . 

for some injective g-module morphisms </>i , (/>2 , </>3 , . . .. 

Now, if (pjip : Vi ^ V2 are any two injective g-module morphisms, complete 
reducibility implies that there exist automorphisms ^1 , .^2 forming the commu- 
tative diagram: 

Vi ^ V2 
Vi ^ V2 
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Thus, the inclusions V'm : V{w*y^'^'"' ^ V{w*)'^^^"^~^^\ u i-^ Uiv®!; appearing 
in Theorem 2 define the same g-module as the above maps (?!)^, and we conclude 
that V{Ao) is isomorphic as a g-module to the infinite tensor product as claimed. 

3.2 The Skein model 

In this section wc prove Theorem 4 by a crystal analog of the above argument. 
We introduce a notation for a path vr which emphasizes the vector steps going 
toward the endpoint A = wt(7r) rather than away from the starting point 0. 
Define 

TT = [-kVk-k ■ ■ ■ -k Vi\-A) := {v'-k V^ic ■ ■ ■ * Vi) , 

the path with endpoint A, last step vi, etc, and first step v' := A—{vk+ ■ ■ ■ +vi), 
a makeweight to assure that the steps add up to A. 
A skein is an infinite list: 

TT = {■ ■ ■ •kV2-k vi\-A) , 

where A G ©[^o^-'^i ^^'^ "^i ^ ^ ("^^^ ^ffi)' subject to conditions (i) and (ii) 
below. For z = 0, . . . , r and A; > 0, define: 

hi[k] ■- {A-{vi+---+Vk), ai). 

We require: 

(i) For each i and all k :$> 0, we have hi[k] > 0. 

(ii) For each i, there are infinitely many A; such that hi[k] = 0. 

We think of the skein tt as a "projective limit" of the paths 

Tr[k] := {-kVk -k ■ ■ ■ -k vi\-A) as k ^ oo . 

The conditions on vr assure that only a finite number of steps of vr lie outside 
the fundamental chamber C, and that vr touches each wall of C infinitely many 
times. Note that vr stays always at the level £ = (A, K). 

Lemma 9 For a skein vr and i = 0, . . . ,r, one of the following is true: 

(i) /i(7r[fe]) is undefined for all k^O; 

(ii) there is a unique skein vr' such that 7r'[k] = /i(vr[A;]) for all k^O. 
In the second case, we define fiir := vr'. 

Proof. Recall that a path vr is i-neutral if hj{t) > for all t and hj{l) = 0. For 
a fixed i, divide vr into a concatenation: vr = (• • • ^ vr2 * vri * vrol-A), where each 
vrj is an z-neutral finite path except for vro, which is an arbitrary finite path. 
Now it is clear that if /i(vro) is undefined, then (i) holds. Otherwise (ii) holds 
and 

/j7r = (•■■★vr2*vri*/i(vro)l-A-aj). □ 



14 



We can immediately carry over the definitions of tlie path model to skeins, 
including that of (Demazure) path crystals. For example, we say that tt is an 
integral dominant skein if TT[k] is integral dominant for k^O, and hence for all k. 
There exist integral dominant skeins of level i = 1 only when 5 has a minuscule 
coweight. We cannot concatenate two skeins, but we can concatenate a skein 
TTi and a path ttq: that is, tti ★ttq := (tti+tto h wt(7ri)+ wt(7ro) ) . 

Proposition 10 For an integral dominant skein tt of weight A, the crystal 
B{n) is a model for V^(A), and for Demazure modules. 

Proof. Given an integral dominant skein tt and a Wcyl group clement z G W, 
we can divide tt = tti ★ ttq in such a way that the Demazure operator acts 
on TT by reflecting intervals in ttq rather than tti. This gives an isomorphism 
between the Demazure crystals generated by the path wt(7ri) *7ro and by the 
skein tt: ^ 

^^(Wt(7ri) ★VTo) ^ BziTTl-kTTo) = Bz{7r) 
WtilTi) -k tt' I— >• TTi^Tt' 

This proves the assertion about Demazure modules. 

Now, given an infinite chain of Weyl group elements zi<Z2< • ■ ■ , we have 
the morphisms of g-crystals: 



4i(A) ^ 4i(wt(7ri)*7ro) ^ 4i(7r) 

n n 

4i(A) ^ 42(wt(7ri)*7r(,) ^ B,,i7r) 

n n 

B{A) B{Tr) 



Since the g crystals at the bottom are the unions of their Demazure crystals, 
they are isomorphic: B{A) = ^{tt). □ 

Now consider the situation of Theorem 4. Define the skein tToo := (• • -^vriv^ 
ttatI-Ao), and consider the commutative diagram: 

Bn^-^ ( Aq * tt at ) — > B^v (tToo ) 

^2Arrov(Ao*7rAr*7rAr) — > B2Nm^i'^oo) 

i n 

^(tToo) 

where the vertical maps on the left are those of the direct limit. Theorem 4 
now follows from the above Proposition. 
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